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ABSTRACT
Energy bands in ferromagnetic nickel have been 
calculated using a modified form of the combined inter­
polation (tight binding plus pseudopotential) method.
The wave functions have been based on the linear 
combination of atomic orbitals (LCAO) for d states and 
four plane waves for s states. The overlaps between all 
the basis states are explicitly considered. The tight 
binding integrals, computed by Tyler et al (1969) for 
nickel, have been employed in the tight binding part 
of the Hamiltonian. Spin orbit interaction has not been 
included. Pseudopotential parameters and a hybridization 
parameter are included in the other part of the Hamiltonian. 
The exchange splitting was treated in a manner similar to 
that used by Hodges et al (1966) .
The parameters included in the Hamiltonian matrix
were determined using experimental information, especially
that concerning the shape of the Fermi surface. The
Magneton number, density of states and some of the
extremal cross sectional areas of the Fermi surface were
calculated and compared with experiment. The Fermi
energy was evaluated explicitly by counting the occupied
states of all valence electrons (10 electrons/atom).
Moderately good agreement with experiment is obtained.
vi
CHAPTER I 
INTRODUCTION
During the last few years, the electronic behavior 
of the iron-group transition metals has been the subject 
of many investigations, both theoretical and experimental. 
These metals are particularly interesting because of their 
magnetic properties. They are ferromagnetic (iron, cobalt, 
nickel) or antiferromagnetic (chromium, manganese). The 
electronic energy band structure of these materials, 
especially the bands of d-electrons, are closely related 
to the theories of ferromagnetism and antiferromagnetism.
In the earlier development of the theory concerning 
the ferromagnetism, two different models have been proposed 
for the explanation of the ferromagnetic properties of 
metals. These are the localized spin model of Heisenberg 
(Heisenberg, 1928) and the itinerant electron model of 
Bloch (Bloch, 1929). Although many of the original 
aspects of these models have been changed during the later 
refinement of the theory, clear evidence exists in favor 
of an itinerant model for the iron-group metals and a 
localized model for rare earth metals (Herring, 1966).
The original form of the itinerant electron model, which 
was applied to the free electron gas, is however not 
quite appropriate even for the iron-group metals because
the electronic states in d bands are substantially 
different from those of free electrons. It has been clear 
subsequently that a realistic electronic energy band 
picture of these materials is necessary for satisfactory 
explanation of the ferromagnetic properties of this 
group of metals.
In the present work, which has been motivated by 
investigation of ferromagnetism in metals, we have attempted 
to obtain a realistic electronic energy band structure of 
ferromagnetic nickel using a combination of tight-binding 
and pseudopotential methods. The purpose of the present 
investigation is as follows.
(1) To obtain a realistic energy band picture of 
ferromagnetic nickel which can be used for the 
calculation of the spin wave spectrum as well as 
for other theoretical investigations of the 
electronic properties of this material.
(2) To investigate the efficiency of the combined 
method of tight-binding and pseudopotential for 
the energy band calculation of transition metals.
The energy band structures of the iron-group 
transition metals have the common characteristic of narrow 
d bands in the midst of a rather broad s-p band (Mattheiss, 
1964). The inevitable overlap and hybridization between 
these bands cause some complications in the band structure 
and consequently make the calculation difficult. Further
3difficulties arise from the exchange splitting of the 
bands into the majority and minority spin sub bands. Even 
though this splitting is directly related to the important 
magnetic properties, there is no well-established method 
to treat it properly in the energy band calculation.
Under these circumstances, it is hard to expect 
energy band calculation performed strictly from first 
principles to be satisfactory. Some of first principle 
calculations have been made for bands of paramagnetic 
nickel using mainly the APW and Green's function methods 
will be reviewed in the next Chapter. These calculations 
are generally restricted to a few symmetry points in the 
Brillouin zone and therefore are not useful in actual 
applications to the electronic and magnetic properties of 
the material. To determine the Fermi surface, for example, 
it is necessary to obtain all the occupied energy states 
in the whole Brillouin zone.
Another possible approach to obtain a practical energy 
band structure is the empirical band calculation using, 
in particular, the pseudopotential technique. This 
approach has been successful for some metals with simpler 
band structure [Harrison (1966), Stark and Falicov (1967)] 
and semiconductors [Brust (1964), Cohen and Bergstresser 
(1966), Zhang and Callaway (1969)]. For transition metals, 
however, some difficulties arise from the d-bands, which 
are known to have tight binding character rather than free
electron character. Moreover, to determine a fairly large 
number of parameters included in the pseudopotential (it 
is expected that a large number of parameters are required 
to obtain reasonably precise bands for complicated 
materials such as transition metals), it is necessary to 
have well-established experimental information concerning 
the band structure of the material. Experimental data 
from the optical measurements are especially suitable for 
this purpose because they provide the values of energy 
level separations at certain symmetry points and along 
symmetry axes of the Brillouin zone. For transition metals, 
in common with many other metals, the relevant experimental 
information is confined to the shape of Fermi surface while 
experimental values for the energy level separations are 
very scarce.
Recently a rather practical and fruitful method of 
band calculation for transition metals was developed by 
Hodges et al (1966) and Mueller (1967). This is the 
combined interpolation scheme. This interpolation scheme 
is based on the LCAO (linear combination of atomic 
orbitals) expansion for d-band states and the plane wave 
expansion for s-p conduction band states. In this scheme, 
all the tight binding integrals and pseudopotential 
coefficients are regarded as adjustable parameters. These 
parameters have been determined in such a way that the 
energy levels obtained by the interpolation scheme coincide
at certain symmetry points with those obtained by the 
other calculations more directly based upon first 
principles. This scheme has been successful in reproducing 
most of the nickel energy band calculations based on the 
APW method and also explaining some of the experimental 
data for the corresponding material.
It is now possible to perform a fairly accurate tight 
binding calculation for d bands making use of the self- 
consistently obtained atomic wave functions. Tyler et al 
(1969) recently evaluated tight binding three center 
integrals for d-bands of nickel using, a method similar to 
that of Lafon and Lin (1966), who applied the tight- 
binding method to lithium. Tyler et al observed that the 
first neighbor approximation, which has been assumed in 
previous usages of the combined interpolation scheme, was 
not adequate to obtain convergent matrix elements, and 
that the calculation had to be extended to third or fourth 
neighbors.
In the present work, we have applied this accurate 
tight binding calculation in the usual combined method of 
tight binding and pseudopotential. Our method is closely 
allied to that of Hodges et al (1966) and Mueller (1967) 
in that it combines a tight binding treatment of d-bands 
with a pseudopotential procedure appropriate for s-p 
conduction bands. Our work differs from those cal­
culations in the following aspects.
(1) We have treated the effective Hamiltonian more 
adequately through the inclusion of overlap and 
three center integrals previously neglected.
The values of all integrals were explicitly 
evaluated by the tight binding calculation. In 
this way a number of adjustable constants were 
eliminated.
(2) We have tried to select the values of the 
remaining adjustable parameters in such a way 
that our band calculation agrees with available 
experimental information concerning the nickel 
energy bands and the Fermi surface, rather than 
trying to make it agree with the previous 
"first principles" calculations.
We have considered the exchange splitting between the 
majority and minority spin bands, but we did not include 
spin orbit coupling effects in our calculation.
CHAPTER II 
REVIEW OF THE PREVIOUS CALCULATIONS OF 
NICKEL BAND STRUCTURE
The energy band structure of nickel was first 
investigated by Slater (1936) in an attempt to explain 
the occurrence of ferromagnetism in this material. He 
obtained a density of states for nickel by an extra­
polation from the energy bands of copper, which had been 
calculated by Krutter (1935), using the cellular method of 
Wigner and Seitz (1933). Slater used this density of 
states to estimate the Curie temperature of nickel and 
verified that the ferromagnetism is caused by the existence 
of unfilled 3d bands. It has been pointed out that this 
calculation of density of states has little validity due 
to the faulty application of cellular method in the 
original band calculation (Callaway, 1958) .
Fletcher and Wohlfarth [Fletcher and Wohlfarth (1951),
Fletcher (1952)] have calculated the energy bands for 3d
electrons using the tight binding approximation. In this
+calculation, atomic wave functions for Cu were used since 
the appropriate wave functions for Ni had not been cal­
culated. The potential was taken to be a simple screened 
Coulomb potential. Interaction integrals were evaluated 
between the nearest neighbors only and the overlap
8integrals between different sites were neglected. The 
overlap and hybridization between the 4s and 3d bands 
were not considered. Despite these rather crude 
approximations, some important characteristics of the 
nickel bands were obtained from this calculation. Fletcher 
and Wohlfarth obtained a band width of 2.7 ev, which is 
about half that found by Slater. [It was suggested 
subsequently by Allen et al (1968) that a factor tt/2 
was missing in the calculation of Fletcher and Wohlfarth.
If this is included, the d band width is found to be 
4.25 ev.] They estimated the density of states for the 
upper part of the band. The electronic specific heat 
obtained from this density of states, was in good 
agreement with experiment. However, this agreement is 
probably spurious, as the use of a first neighbor only 
tight binding calculation must give a logarithmic 
singularity in the density of states of the top of the 
band. Koster (1955) subsequently determined a density 
of states over the entire energy range of d bands from the 
calculation of Fletcher and Wohlfarth.
More recently, a number of calculations of energy 
bands in nickel have been performed using the augmented 
plane wave (APW) method: Hanus (1962), Mattheis (1964),
Snow et al (1966), Connolly (1967); and by the Green's 
function method: Yamashita et al (1963), Wakoh and
Yamashita (1964), Wakoh (1965). All of these calculations
9include the energy bands corresponding to (4s) electrons 
as well as (3d) electrons. These calculations differ 
through choice of crystal potential.
Mattheiss (1964) used a crystal potential approxi­
mated by a superposition of atomic potentials. This 
potential was further approximated by a "muffin-tin" 
type potential as required by the APW method. All magnetic 
effects were neglected in this calculation, and the crystal
has been assumed to be nonmagnetic in character. The
9 1configuration (3d) (4s) was chosen in the construction
of approximate crystal potential.
Snow et al (1966) studied the change in band shape
due to the change in electronic configurations used in
the construction of crystal potentials. They computed
energy bands of nickel corresponding to five different
10 "“X  xconfigurations of the general type (3d) (4s) .
In this calculation, the movements of the d and s-p bands 
relative to each other were studied as a function of x, 
the assumed number of holes in the d state. The shape of 
the Fermi surface was subsequently affected by the change 
of x. They concluded that the value of x should be in 
the range of 0.5 < x £ 1.0 to obtain a neck with reason­
ably small area at the L point on the Fermi surface. A 
neck with a small area (approximately one tenth of the 
area of corresponding neck in copper) has been observed in 
nickel by de Haas-van Alphen experiments.
10
Yamashita et al (1963) and Wakoh and Yamashita (1964) 
have used an empirically determined effective potential 
in the framework of Green's function method. They were 
able to determine a Fermi surface which gave some 
reasonable explanation of experimental data. They have 
employed a slightly modified interpolation method of 
Slater and Koster (1954).
Wakoh (1965) and Connolly (1967) attempted to 
eliminate the dependence of the band structure on the 
choice of crystal potential by a self consistent procedure, 
in the same way as the Hartree-Fock method is used in 
atomic calculations. Using the Green's function (Wakoh) 
and APW (Connolly) methods, they obtained self-consistency 
after several iterations. They also treated directly the 
ferromagnetic bands by employing Hartree-Fock-Slater free 
electron approximation of exchange potential in their 
calculations.
Two basic guestions arise in the discussion of self- 
consistent band calculations. The first question concerns 
the construction of the self-consistent potential, which 
can be regarded as the best possible "single particle" 
potential. It should be emphasized that the self- 
consistency of the potential inevitably depends on the 
method of solution of the problem. In other words, 
we should understand the self-consistency in terms of a 
certain inter-relation between the wave functions and the
11
crystal potential in a specific scheme of solution. The 
degree of accuracy of the self-consistent potential can 
never surpass that of method of solution. It is expected 
that to obtain self-consistency/ some sacrifice is 
inevitable in the method of solution due to the limited 
capacity of computation.
The second question concerns the validity of the self- 
consistent calculation in the quantitative explanations of 
magnetic properties. There has been a basic conflict in 
the discussion of the transition metal with respect to 
the question of the adequacy of the single particle 
approximation to describe the behavior of the d-electrons 
(Callaway, 1964). It is known that correlation effects 
are very important in the d-bands of ferromagnetic metals. 
Herring (1966) has observed that it may not be legitimate 
to assume that the effective potential experienced by an 
electron in a crystal is just the sum of that due to all 
the atoms in the same average configuration.
Another branch of investigations of the energy bands 
of nickel has been based on a more empirical approach to 
the problem. This development has been made mainly to 
explain the experimental data more directly, and to inter­
polate within the energy band calculations obtained at 
symmetry points from more fundamental considerations.
Some energy band models, especially concerning the 
Fermi surface of nickel, have been presented by Ehrenreich
12
and co-workers [Ehrenreich et al (1963), Hodges and 
Ehrenreich (1965)] and Phillips (1964). These models 
have been made empirically to explain the available data 
on the electronic and optical properties.
First principles energy band calculations are usually 
restricted to points of high symmetry in the Brillouin 
zone. It is necessary to know energy values at a large 
number of k points to obtain the Fermi surface and most of 
the electronic properties. As mentioned earlier, Wakoh 
and Yamashita (1964) modified the Slater and Koster inter­
polation scheme to take into account the considerable 
mixing between s and d bands. More general interpolation 
schemes have been proposed and used by Hodges et al (1966) 
and Mueller (1967) based on the use of linear combination 
of atomic orbitals (LCAO) for d-bands and the orthogonalized 
plane wave (OPW) for s-bands. In this scheme of inter­
polation, the Hamiltonian matrix is decomposed into the 
tight-binding, pseudopotential, and hybridization blocks, 
each including a number of adjustable parameters. Hodges 
et al applied this scheme to the band structure of 
ferromagnetic nickel and fit the parameters mainly to the 
calculated bands of Hanus (1962) . They included more 
parameters to determine ferromagnetic bands and also 
considered the spin-orbit interactions. Connolly (1967) 
employed this interpolation scheme to interpolate his own 
calculation performed by the APW method. Recently,
Zornberg (1969) has obtained a band structure for the 
ferromagnetic state nickel using Mueller's combined 
interpolation scheme, including spin-orbit and exchange 
interactions. These interpolation schemes have provided 
a practical and effective way to obtain a band structure 
and density of states with a small amount of computation 
time, and give great flexibility to the interpretation of 
experimental results.
A number of models have been proposed for the proper 
consideration of exchange splitting in ferromagnetic 
nickel. This effect is measured by the energy difference 
between the majority spin band and minority spin band, 
and is a direct consequence of the existence of ferro­
magnetism. Most of these models are based on the 
assumption that the splitting between the majority and 
minority spin bands is small compared with the crystal 
potential so that the ferromagnetic bands can be obtained 
from the corresponding paramagnetic bands by treating 
the splitting as a perturbation. Although this splitting 
has been generally believed to arise from the exchange 
interactions, it has been proposed that correlation is a 
major factor responsible for this splitting [Hodges et al
(1966), Ehrenreich and Hodges (1968)]. The explicit 
evaluation of this splitting from a first principles 
calculation is expected to be very difficult.
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The simplest treatment for the exchange splitting 
has been made by Phillips (1964) who assumed a constant 
splitting Ae between the majority and minority spin bands 
independent of the wave vector k. The splitting parameter 
Ae is usually determined by experimental information.
Connolly (1967) and Wakoh (1965), who calculated 
the ferromagnetic bands by self-consistent procedures, 
employed the Hartree-Fock-Slater free electron exchange 
potential
where ps is the local charge density of spin s. From the 
results of the calculation, Connolly pointed out that the 
reduction of the exchange potential by a factor 2/3, the 
value suggested by Kohn and Sham (1965), gave more 
realistic results.
Hodges et al (1966) employed the interaction 
Hamiltonian, originally proposed by Gutzwiller (1963), 
Hubbard (1963) , and Kanamori (1963) , to obtain the exchange 
splitting. The interaction Hamiltonian can be written as
Vex -6 (3PS/47T)1/3 (2.1)
H
15
where is the number operator for an electron having
spin a and located in orbital y on lattice site i and the
expectation value <N. > indicates that the Hartree-Fock
xycr
approximation has been made. In (2.2) , the first term 
describes the Coulomb repulsion between two antiparallel 
d-electrons in the same orbitals on the same atom and the 
second term gives the magnetic polarization of s-electrons 
and assumes this to arise purely from the magnetization of 
the d-electrons via a Hund's rule coupling. In their 
interpolation scheme, and were treated as ad­
justable parameters and were chosen to fit experimental 
data such as magneton number and other physical quantities,
and the evaluation of <N. > in (2.2) was carried out self-
iya
consistently.
Zornberg introduced two constant splitting parameters; 
d-band exchange splitting AE^ and s-p conduction band 
splitting AEs« These splitting parameters were determined 
empirically.
Most of the recent calculations reviewed above gave 
similar qualitative features of the nickel band structure. 
The treatment of the exchange splitting, however, differs 
widely from one calculation to another. Generally, better 
agreement with experiment is obtained in the calculations 
which contain more adjustable parameters and thus are more 
empirical in character.
CHAPTER III 
EXPERIMENTAL INFORMATION
In this Chapter, we will briefly summarize the 
available experimental information concerning the energy 
band structure of ferromagnetic nickel.
Among various experiments, which have been performed 
on this material, those measurements related to the Fermi 
surface, saturation value of magnetization, electronic 
specific heat at low temperature, optical properties, and 
some other experiments related to density of states are 
directly connected with electronic energy band structure. 
This kind of experimental information is important in 
semiempirical energy band calculations such as the present 
work.
A. Fermi Surface
One of the most powerful tools to investigate the
behavior of conduction electrons in metals has been the
de Haas-van Alphen (DHVA) effect, which is the oscillatory
field dependence of the magnetic susceptibility. A similar
oscillatory effect in magnetoresistance has been observed
in many materials and is equally useful to determine the
shape and connectivity of the Fermi surface. These effects
are due to the magnetic quantization of conduction electron
16
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states in the magnetic field. The frequency of this kind 
of oscillation is related to the extremal cross-sectional 
area A of the Fermi surface perpendicular to the applied 
magnetic field by
F = ( 2^  >A  (3a)
in MKS units. By measuring the field-orientation depen­
dence of DHVA frequencies, the shape of the Fermi surface 
can be mapped out.
In the first DHVA measurements in nickel, Joseph and 
Thorsen (1963) observed a copper-like neck surface near 
L points, which had been proposed by magnetoresistance 
experiments [Fawcett and Reed (1962, 1963)]. Later, Tsui 
and Stark (1966) found a hole pocket centered at X point 
and measured the extremal cross-sectional areas and 
effective masses.
More careful measurements with improved methods 
[Tsui (1967), Stark and Tsui (1968), Hodges et al (1967)] 
aided by theoretical band models determined precisely two 
distinct sets of DHVA frequency branches assigned to the 
L and X points, respectively.
The low frequency branch in the DHVA experiments 
results from a hyperboloidal neck portion of the Fermi 
surface near the L point, which is similar in shape to 
what was found in copper but is much smaller in cross-
18
sectional area. This neck was assigned to the majority 
spin 1>2 -band as the case of copper by Tsui (1967) .
But recently, it has been assigned to majority spin 
L^2 “band [Connolly (1967), Ehrenreich and Hodges (1968), 
Zornberg (1969)] as originally proposed by Krinchik and 
Canshina (1966) from their interpretation of optical data. 
The high frequency branch corresponds to nearly ellipsoidal 
hole pockets centered at X points. These hole pockets 
have been assigned unambiguously to the minority spin 
Xc -band.D
In Fig. 9 and Fig. 10, we present the experimentally 
determined extremal cross-sectional areas of the Fermi 
surface in two symmetry planes as a function of magnetic 
field directions. These figures are taken from Tsui
(1967). The area branches in Fig. 9 and Fig. 10 represent 
the neck surface near L point and hole pocket near X 
point, respectively. In Fig. 10, X(001) represents the 
extremal area perpendicular to the magnetic field direction 
for the X hole pocket along the (001) axis.
B. Magneton Number
The magneton number, NM is defined as the difference 
between the numbers of the occupied electrons of two spin 
states. It can be estimated experimentally from the 
measured value of saturation magnetization M and the g
b
factor by the relation
19
(3.2)
Weiss and Forrer (1929) determined the saturation 
magnetization and obtained a value 0.606 iiB/atom. Recently, 
Danan et al (1968) measured it by an improved method and 
obtained 0.616 y_/atom.
D
A value of g factor 2.18 has been obtained by 
Mayer and Asch (1961) for nickel from a ferromagnetic 
resonance experiment. If we take this g factor and the 
saturation magnetization obtained by Danan et al, a value 
0.56 is obtained for the magneton number.
C. Electronic Specific Heat
At low temperature, the electronic contribution to 
the specific heat is linearly related to the temperature
where the coefficient y is related to the density of states 
at the Fermi energy |\|(EP) by
T:
(3.3)
Y - i  ir2k* N <Ep ) (3.4)
20
kg being Boltzmann's constant. Measurement of y, there­
fore, provides a direct information concerning the density 
of states at the Fermi level.
Keesom and Clark (1935) reported a measured specific
2heat of nickel y = 7.3 mJ/deg mole. A recent measure-
2ment by Dixon et al (1965) gives a value y = 7.02mJ/deg 
mole. The density of states at the Fermi energy obtained 
from these two measurements are 3.09/ ev-atom (Keesom and 
Clark) and 2.97/ evatom (Dixon et al) , respectively.
D. Optical Measurements
Direct information concerning the energy band 
separations can be obtained experimentally from experiment 
concerning optical properties if the measurements are 
precise enough and the theoretical interpretation of the 
data are well established. An interband absorption edge 
in optical spectra, for example, can be interpreted to the 
transition between two bands n and n' at a particular 
point k in the Brillouin zone, at which the joint density 
of states has a Van Hove singularity. This condition 
can be written as
V, [E (k) -E , (k) ] = 0j\. n ~ n ^A/
(3.5)
21
In metals, some of the optical edges have been interpreted 
in terms of interband transition involving the Fermi 
surface states [Ehrenreich and Philipp (1963) , Ehrenreich 
et al (1963)].
Some optical data with different techniques have been 
reported for nickel [Ehrenreich et al (1963), Martin et al
(1964), Krinchik and Nurmukhamedev (1966), Hanus et al
(1967)]. These data show some structure in the low energy
region. The energy values at which some structure has 
been observed are:
0.3 ev, 1.4 ev (Ehrenreich et al)
0.3 ev, 0.8 ev, 1.4 ev (Krinchik and Nurmukhamedev)
0.25 ev, 0.4 ev, 1.3 ev (Hanus et al).
Various energy band models have.been proposed to 
explain the optical data and these are all concerned with 
energy levels near the L point [Ehrenreich et al (1963), 
Phillips (1964), Krinchik and Canshina (1966), Hanus et al
(1967)]. The relative position of the an^ bands
and the location of the Fermi level with respect to these 
two band levels have been important for the interpretation 
of these optical data.
Unfortunately, the optical measurements and their 
theoretical interpretation are not well established for 
nickel. Many of the proposed theoretical models are 
qualitatively different from one another.
22
E. Density of States
The density of states can not be obtained directly 
from the experiment except that at the Fermi level.
However, if we make a suitable assumption for the transi­
tion probabilities, experiments related with photoemission 
spectroscopy can provide some information on the density 
of states. Many experimental investigations have been 
performed in this field for nickel: ultraviolet photo­
emission spectroscopy by Blodgett and Spicer (1966), Vehse 
and Arakawa (1968), Eastman and Krolikowski (1968); ion 
neutralization spectroscopy by Hagstrum and Becker (1967); 
soft-X-ray emission spectroscopy by Cuthill et al (1967); 
X-ray photoelectron spectroscopy by Fadley and Shirley
(1968) .
These studies related to the density of states using 
various techniques generally agree in a picture of density 
of states which shows a dominant peak near the Fermi level. 
The work of Blodgett and Spicer (1966) is exceptional in 
this respect. Some experimental results related to the 
density of states are shown in Fig. 8.
CHAPTER IV 
METHOD OF CALCULATION
In this Chapter, we will describe the method of the 
energy band calculation we have performed for the ferro­
magnetic nickel. Our method is closely related to the 
combination of tight binding and pseudopotential procedure 
of Hodges, Ehrenreich, and Lang (1966), and Mueller (1967). 
There are, however, some differences in detail, particularly 
in regard to the tight binding portion of the calculation.
It has long been supposed that the d bands in nickel, 
to the extent that they could be understood in isolation 
from overlapping s-p bands, could be adequately described 
by the tight binding method. However, s-d mixing is not 
negligible and it is necessary to include some terms into 
the wave function to represent a somewhat free electron 
like s-p band. With these requirements in mind it is 
natural to expand the wave function in a mixed basis set.
The elements of this set are (1) tight binding wave 
functions for the d levels
24
where n = 1, 2, .....5 and <J>, (r-R ) is an atomic d waverdn ~ ~v'
function centered at lattice site and (2) plane waves
$ (k+Ks/r) = ■-!- ei(S+5s)-H (4-2)
■  ~  ~
in which Ks is a reciprocal lattice vector. Four plane 
waves with the wave vectors of the form (k + K), which are 
degenerate at the point W of the Brillouin zone in the 
zero crystal potential, are used to describe the lowest 
conduction band in the positive 1/48th section of the 
Brillouin zone. These four reciprocal lattice vectors are
K, =
<v 1  cl
2 it (0,0,0) K2 = ~  (-2,0,0)
k 4 = (-1,-1,1)
(4.3)
In the present work, we do not try to reproduce the 
Fermi surface in all detail, and therefore did not include 
spin orbit coupling in the Hamiltonian. However, we 
noted that all previous tight binding plus pseudopotential 
calculations for nickel have been based on a possibly 
inadequate tight binding calculation [Fletcher and 
Wohlfarth (1951), Fletcher (1952)]. We have attempted to 
improve this in several respects. Our objective here is 
to obtain as good a tight binding treatment of the d bands 
alone as possible and then to add to this at least a
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reasonable representation of the s-p bands.
First, we note that the basis functions used are not 
orthogonal, and we have included the overlap matrix S.
The energy bands are determined by solving the 9X9 
(before consideration of exchange splitting) secular 
equation
det H . . - ES.. = 0
1 ID ID 1
(4.4)
The matrix elements of H and S between the d states 
(the 5X5 block) are written as
ik«R.
H , = S e nn* v
v
ik*R.
S , = E e nn' v
v
C  (£-?v)d3r
♦dn (E> W<E-5v,a3r
(4.5)
In evaluating the matrix elements we considered the 
integrals including all orbitals up to third nearest 
neighbors. These integrals are denoted, in the notation 
of Slater and Koster (1954), by
E ,(ft,m,p) = nn' ' ri■ c()*n (r)H4>dn, [r- £i+mj + pk) ]d3r (4.6)
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Overlap integrals are two center integrals, and therefore
can be represented in terms of atomic orbital two center
integrals (ddcr) , (ddtr) , and (dd<5) [Slater and Koster
(1954)]. The number of integrals can be greatly reduced
by symmetry consideration. In Appendix, we present some
of the useful symmetry relations which were obtained by
transformation properties of d functions under an operation
of the cubic group. There are 21 independent integrals
in H , and 9 in S , when third neighbors are included, nn' nn' ^
The value of these integrals were taken from the work of
Tyler, Norwood, and Fry (1969). The independent integrals,
which were used in the present calculation, are given in
Table I. The construction of the crystal potential and
the method of evaluation of the integrals are described in
detail in that paper; however, we will state briefly some
of the essential features here.
The potential consists of a Coulomb and exchange part.
These are determined from an assumed initial charge
distribution formed by superposing the electron distribution
9 1of free nickel atoms in the configuration (3d) (4s) .
After superposition, a spherical average of the charge
density was determined. An exchange potential was
constructed from this charge density using the standard 
1/3Slater p ' procedure. The same exchange potential was 
used for both majority and minority spin states in nickel.
The exchange splitting of the bands into majority and 
minority spin sub bands was treated by a procedure like 
that of Ehrenreich and Hodges (1968), as will be described 
subsequently. The difference in Slater exchange potentials 
for up and down spin states due to the differing occupancies 
is small, but none the less, can be made the basis for 
a calculation of the exchange splitting of the bands in the 
ferromagnetic state, as was done by Connolly (1967) and 
Wakoh (1965). Our present procedure can be described as 
that of grafting an approximate treatment of a short range 
electron-electron interaction believed to be responsible 
for ferromagnetic ordering upon an ordinary band calculation 
for a paramagnetic system. The relation between the 
Ehrenreich-Hodges treatment of exchange splitting and 
that of Connolly remains to be worked out in detail.
The parameters Enni were computed separately for 
direct and exchange potentials so that a multiplicative 
factor of A could be used to adjust the exchange potential 
to obtain better agreement if necessary with available 
experimental information concerning the band structure.
We write
E , (total) = E , (direct) + AE , (exchange) nn nn nri (4.7)
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If X = 1, the Slater exchange potential (1951) occurs, 
while X = 2/3 corresponds to the Kohn-Sham-Gasper 
potential (1964, 1965). We found that X = 0.85 appears 
to give the best results, dementi's wave function for the
the evaluation of integrals (dementi, 1965) . Since the 
potential used are those of a distribution of spherical 
charges, crystal field effects may not be represented 
adequately. For this reason, the parameters Enn, 
(£=m=p=o) were regarded as adjustable.
The matrix elements of the Hamiltonian between 
plane waves are written in the form
where V(K -K i) are Fourier coefficients of pseudopotential ~ s ~ s
V (r) which can be expanded as P ~
The parameters a and V(K -K ,) are regarded as adjustable;~ s  ^s
that is, as pseudopotential parameters. We inserted 
symmetrizing factors FK (k) given by Ehrenreich and Hodges
(1968) in order to account approximately for the effect 
of introducing symmetrized linear combination of plane
8 2 3(3d) (4s) F state were used both in the potential and in
<k+K | H | k+K /> = a (k+K ) 2 6 , + V(K -K ,)
O  Ai □  A, »W O  O  
(4.8)
V (r) = E V (K) e P __ ~
iK*r
(4.9)
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waves. These factors insure that proper band degeneracies 
are obtained at symmetry points of the Brillouin zone.
The matrix elements between d functions and plane 
waves were treated as follows: Overlap matrix elements
are given by
By expanding the exponential factor of the plane wave in 
spherical harmonics and spherical Bessel function, these 
integrals can be expressed in terms of an angular part 
and a form factor. For the functions of each symmetry of 
dn we have
S.ns (4.10)
60tt
(i,j) = (x,y), (y,z), (z,x)
where
G(k) = j2 (kr)R3d(r)r ‘dr (4.12)
in which R^d is a normalized radial wave function. The 
calculated results of G(k) versus k is shown in Fig. 1.
In previous interpolation scheme, the integral G(k) was 
approximated by a form of the second spherical Bessel 
function A j2 (B^k), where A and B^ were considered as 
parameters. Since our method is different from others in 
this part, the exact comparison can not be made. However, 
in Fig. 1, we also show j2 (Bdk) obtained by Ehrenreich and 
Hodges (1968) for the hybridization form factor of nickel 
band calculation in which they approximated the overlap 
matrix S as the unit matrix.
The elements Hng were represented as proportional to
S : ns
H = BS (4.13)ns ns
where B is another adjustable parameter. There are no 
adjustable parameters in S.
The exchange splitting was treated in a manner some­
what similar to that of Ehrenreich and Hodges (1968) 
which was briefly described in Chapter II. The s-p
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exchange term considered by Ehrenreich and Hodges appears 
in the band calculation as a difference in V (0/0,0) in 
the two spin states. Similarly, the d-d interaction they 
use simply gives rise to a difference in the Enn,(0,0,0) 
for majority and minority spin electrons. There would be 
a very small effect on Enn,(R) for non zero values of R, 
since the d functions on different sites are not orthogonal, 
but this small correction was neglected. We did not attempt 
to make a self-consistent calculation of the exchange 
splitting parameters as did Ehrenreich and Hodges: we
merely treated the differences in V(0,0,0) and in the 
Enn' (0/0/0) between the two spin states as additional 
adjustable parameters.
In the process of determining parameters, we have 
used the experimental information concerning the shape of 
the Fermi surface obtained from the DHVA experiment of 
Tsui (1967) and the experimental value of magneton number. 
Unfortunately, the calculated values corresponding to 
these kinds of experimental data can be obtained only 
after the calculation of energy levels throughout the 
whole Brillouin zone, since the Fermi level is determined 
by arranging all possibly occupied states according to the 
magnitude of their energy values. This situation makes 
the empirical determination of parameters quite difficult.
We evaluated energy levels at 89 k points in 1/48 
section of the Brillouin zone in the parameter determining
process. The accuracy of the calculated magneton number 
strongly depends on the total number of k points included 
in the calculation. To improve the accuracy of the cal­
culated values and thus determine better set of parameters, 
we sometimes extended the number of k points and evaluated 
the energy levels at 1505 points in 1/4 8 section of 
the Brillouin zone. Although we were not able to explore 
systematically the effect of all possible parameter varia­
tions, we feel that further adjustment of parameters in 
present formalism would not yield results which would make 
much better agreement with experiment. The values of 
determined parameters are listed in Table II.
CHAPTER V
RESULTS AND COMPARISON WITH EXPERIMENT
The band structure which results from these cal­
culations is shown along main symmetry axes in Fig. 2. 
Comparison of these results with other calculations 
naturally reveals both similarities and differences. We 
will not explore these in great detail here, but we will 
describe some characteristic features. Qualitatively, 
calculations agree in predicting that the highest d band 
is nearly flat between X and W, and varies only slowly 
between W and L. This is, physically, a consequence of the 
smallness of second neighbor interactions compared to 
first neighbor ones in the tight binding scheme. If only 
first neighbor interactions are included (even if the 
two center approximation is not made), in a d band (alone) 
tight binding calculation, the energy is independent of 
wave vector for one band (wave function of symmetry xz) 
running from X to W. This band connects the two states 
Xr and W' . When second neighbor interactions areD 1
included, the band acquires some curvature, but it is so 
nearly flat that a high peak in the density of states is 
predicted to occur quite near the top of the d band. This 
peak in the density of states is responsible for the
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occurrence of ferromagnetism and for stability of the 
ferromagnetic state against spin wave excitation in 
models employing a t matrix treatment of short range 
interactions [Kanamori (1963), Callaway (1965, 1968)]. 
Qualitatively, it is the relative weakness of second 
neighbor interactions which makes nickel ferromagnetic.
While the various band calculations are in general 
agreement about the flatness of the topmost d band, there 
are differences concerning lower bands. The main 
difference of the present results from other calculations 
lies in the location of A^ band relative to that of 
T'2 5 level (Fig. 2) . A substantial portion of A^ band 
level locates lower than level in our calculated
band structure, while the entire A^ band level locates 
generally higher than T ^  level in most of previous 
calculations. The locations of A^ band level and the 
lowest conduction band level are very sensitive to the 
change of hybridization parameter B. The dependence of 
A^ band and the lowest conduction band on the parameter B 
is shown in Fig. 3. Unfortunately, experiments able to 
probe the band structure lower than the Fermi energy do 
not exist. The details of the lower band structure are, 
therefore, subject to further experimental and 
theoretical investigations.
Many of the important electronic and optical properties 
in metals are related to the density of states of electrons.
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The density of states can be. expressed by
N(E)
( 2 7T )
Ie n C E - E (k)]d3k (5.1)
where r)[E-E(k)] is the unit step function. As the
case of most band calculations, the energy band E(k) 
is not known analytically, and therefore we replace the 
integral by a summation over the k points at which we have 
evaluated the energy levels.
where the summation is over those k points at which 
E(k) locates in the interval between E and E+AE. The 
weight factor w(k) is necessary because the k values are 
restricted only to the 1/48 section of the Brillouin zone.
The density of states has been computed using the 
energy values evaluated at 24225 distinct mesh points in 1/48 
section of the Brillouin zone. In Fig. 4, the density of 
states histograms for the majority and minority spin bands 
are shown separately. The total density of states including 
both spin bands is shown in Fig. 5. The presence of two 
peaks near the Fermi energy in Fig. 5 is due to the exchange 
splitting into two spin bands. From the separation of the 
peaks in the total density of states, it is possible to ob­
tain an overall estimate of the spin splitting in the most
N(E) “ n x S e  " (S>k
E<E(k)<E+AE
(5.2)
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important band. This is determined to be 0.4 ev, in good 
agreement with the estimate of Zornberg (1969) based on 
analysis of optical absorption data.
In Fig. 8, some experimental results related to the 
density of states are presented. We can notice a quali­
tative similarity between the calculated density of states 
in Fig. 5 and the experimental counterparts (which include 
other factors, although the density of states is a 
dominant one) in Fig. 8. If the computed density of 
states is examined at the high energy end under low 
resolution, two features would stand out: A high peak
slightly below the Fermi energy, followed by a valley 
around 1 ev below, then followed by a smaller and broad 
rise, then a gradual decrease. Qualitatively, this is 
just what is observed in the photoemission measurements of 
Eastman and Krolikowski (1968) , although the relation 
between the optical density of states and the actual one 
is probably quite complex.
The Fermi energy was evaluated by arranging all the 
possibly occupied states of both electron spins in order 
of increasing energy until these states were completely 
occupied by all the valence electrons (10 electrons/atom) 
in the crystal. The Fermi surface can be mapped out by 
plotting the constant energy contours in the Brillouin 
zone at the Fermi energy. Calculated Fermi surface cross 
sections are shown for two planes in Fig. 6 and Fig. 7 for
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the minority and majority spin states. In the present 
calculation, the neck surface at L is formed by the 
majority spin band, while the corresponding neck is 
formed by band in copper (Burdick, 1963). The 
arrangement of majority and minority spin bands at L 
point is consistent with the interpretation of optical 
measurements and also with many other calculations, as 
we have already mentioned in Chapter III. Some quanti­
tative evaluations have been made for the cross sectional 
areas of neck surface and hole pocket using some numerical 
integration. These results are listed in Table IV 
together with the corresponding experimental values.
The agreement between our results and experiment is not 
bad, considering the fact that we did not include the 
spin orbit coupling in our calculation. It has been shown 
by Ruvalds and Falicov (1968) and by Zornberg (1969) that 
the inclusion of the spin orbit coupling is necessary to 
obtain a quantitatively accurate description of the Fermi 
surface.
A small change of the Fermi level affects strongly 
to the magneton number because the density of states near 
the Fermi level in the minority spin state is large and 
rapidly varying, while, in the majority spin states, the 
density of states near the Fermi level is small and nearly 
uniform (Fig. 4). Therefore, it is difficult to obtain 
the exact magneton number. We obtain 0.635 for this
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quantity, which is about 13% larger than the value of 0.564 
deduced from the observed saturation magnetization 
(0.616 Ug/atom) and the ferromagnetic resonance g factor 
(2.18) .
Because the total density of states near the Fermi 
energy is rapidly varying, a precise evaluation of specific 
heat, which is directly proportional to the density of 
states at the Fermi energy, is also difficult. The 
treatment of the statistical noise in the histogram of the 
density of states is far from trivial. We estimate a 
value in the range of 2.3~2.7 states/evatom. This value 
is a little smaller than the experimentally determined 
value ~ 3.0 states/ev.atom by Keesom and Clark (1935) and 
by Dixon et al (1965).
As we have mentioned in Chapter III, the optical data 
and their interpretation are in a primitive stage for 
nickel, mainly due to the complicated band structure and 
poor reliability of the data. We, however, obtained an 
arrangement of and levels which is consistent with 
the model bands proposed by Krinchik and Canshina (1966) 
and Hanus et al (1967) for the explanation of the optical 
data. According to this model, the important transitions 
are Ep-KL.^, and Eg-KL^; the corresponding values
from our calculation are 0.14 ev, 0.58 ev and 0.75 ev, 
respectively.
CHAPTER VI 
CONCLUSION
We have applied a combined tight binding and pseudo­
potential scheme to the calculation of the energy band 
structure of nickel. This procedure is different in some 
respects from similar procedures employed by others in 
that the overlap matrix is not assumed to be the unit 
matrix, and in that an attempt is made to calculate the 
tight binding parameters in a more realistic manner.
We, however, did not consider the spin orbit coupling 
in this calculation. Parameters included in the 
Hamiltonian matrix were determined using experimental 
information, especially that concerning the shape of 
Fermi surface. We calculated magneton number, density of 
states and some of the extremal cross sectional areas of 
the Fermi surface and compared these with experiment.
The Fermi energy was evaluated explicitly by counting the 
occupied states of all valence electrons (10 electrons/atom).
The agreement between our results and experiment is 
moderately good. The general qualitative features of the 
calculated bands agree with most of the available experi­
mental information concerning the band structure of ferro­
magnetic nickel. Quantitative agreement, however, is not
quite satisfactory for some quantities for which
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experimental data are believed to be rather precise.
The possible reasons for the discrepancies may be:
(1) The neglect of the spin orbit coupling.
(2) Poor efficiency of the method employed.
(3) Poor determination of parameters.
We feel that the third possibility is not plausible because 
we have tried various combinations of parameters rather 
systematically in the reasonable range of parameter values.
It is also premature to doubt the efficiency of the method 
employed. The inclusion of the spin orbit coupling may 
greatly improve the accuracy of calculation. On the other 
hand, the present form of the combined tight binding and 
pseudopotential scheme leaves considerable room for 
improvement. Better evaluation of exchange splitting, with 
proper consideration of correlation effect, may be 
important in further progress in ferromagnetic band 
calculation.
Some improvement can be expected from more accurate
tight binding integrals and overlap integrals between
(3d) and (4s) states. In the present work, we have used
the tight binding and overlap integrals obtained from
8 2free atomic configuration of nickel (3d) (4s) for (3d)
atomic wave functions. If we use more realistic configuration
9 1in solid state nickel, (3d) (4s) , in the band cal­
culation, better results might be obtained.
Finally, we note that a further development of the 
optical measurements as well as its theoretical analysis 
would make a great contribution for the understanding of 
energy band picture in a wider energy range. The inform­
ation pertaining the band structure at the energy region 
other than the Fermi level is important for a more precise 
semiempirical energy band calculation.
The results of the present calculation, although not 
completely satisfactory, have been used in the calculation 
of the spin wave effective mass (Callaway and Zhang, 1969).
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TABLE I
Tight-binding integrals up to third neighbors. All the 
three center integrals are independent. Column 3, 
kinetic energy plus potential energy; Column 4, Slater 
exchange potential; Column 5, overlap integrals. All 
energies are in atomic units. These values are taken 
from Tyler et al (1969) .
Integral Neighbor K.E+P.E Exchange Overlap
*Y,xy CllO ] -0.011861 -0.024091 0.016737
xy,xy Con ] 0.009533 0.007875 -0.006106
2 2 2 2 x -y ,x -y CllO] 0.022098 0.018290 -0.015353
 ^ 2 2 .5 2 23z -r , 3z -r CllO ] -0.006010 -0.010101 0.007674
xy,zx C011] 0.013563 0.012076 -0.009248
xy,3z2-r2 CllO] 0.004985 0.011641 -0.007849
xy,xy C002] -0.000367 -0.000321 0.000275
xy,xy C200 ] 0.002110 0.002641 -0.002026
2 2 2 2 x -y ,x -y C002] -0.000744 -0.000433 0.000275
o 2 2 0 2 23z -r ,3z -r C002] -0.004156 -0.004422 0.004334
xy /xy C112] -0.000131 -0.000038 0.000033
xy,xy [211 ] -0.000438 -0.000269 0.000224
2 2 2 2 x -y ,x -y [112] 0.000176 0.000167 -0.000102
o 2 2 o 2 23z -r ,3z -r C112] -0.000303 -0.000038 0.000017
xy, zx C112] -0.000202 -0.000152 0.000127
xy, zx [211] -0.000868 -0.000660 0.000470
-,2 2 xy,3 z -r [211] 0.000046 0.000041 -0.000069
xy,3z2-r2 [112] -0.000281 -0.000349 0.000318
yz,3z2-r2 [112] -0.000518 -0.000457 0.000387
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TABLE II
Parameters used in the energy band calculation. All
parameters are in atomic units.
Parameter Majority spin Minority spin
Ev„ (0,0,0) -0.703 -0.671xy,xy
E0 2 2 , 2 2 (0,0,0) 3z -r ,3z -r ' ' ' -0.7 -0.716
V(0,0,0) -1.13 -1.124
V(l,l,l) 0.28
V (2 ,0 ,0) 0.38
a 1.175
B 0.1
X 0.85
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TABLE III
Variation of the Fermi level and the magneton number due 
to the change of hybridization parameter B. All the other 
parameters are fixed (Table II). The Fermi level and 
the magneton number in this Table were evaluated on the 
basis of 2048 k-points in the Brillouin zone.
B Fermi
energy
Number of
majority
spin electrons
Number of
minority
spin electrons
Magneton
number
0.4 -0.5798 5.25 4.75 0.50
0.3 -0.5831 5.27 4.73 0.54
0.2 -0.5870 5.28 4.72 0.56
o . H -0.5888 5.30 4.70 0.60
-0.5 -0.6020 5.37 4.63 0.74
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TABLE IV
Comparison of some calculated results with experiment.
Experiment Calculation
Neck area of the Fermi 
surface at L point (a.u.) 0.00716a 0.00487
Hole pocket areas of 
the Fermi surface at X 
point;
in the UXW plane (a.u.) 0.027a 0.0206
in the TUX plane (a.u.) 0.066a 0.047
Density of states at 
the Fermi level (/ev atom)
r3.09b 
2.97c 2.3-2.6
Number of majority spin 
electrons (/atom) 5.282 5.3175
Number of minority spin 
electrons (/atom) 4.718 4.6825
Magneton number 0.564d 0.635
a Tsui (1967)
b Keesom and Clark (1935)
c Dixon et al (1965)
d Danan et al (1968), Meyer and Asch (1961)
FIGURE CAPTIONS
Calculated form factor G(k) of the overlap integrals 
between (3d) and plane wave states (solid line). 
Dotted line represents the hybridization form 
factor j2 (B^K) of Hodge and Ehrenreich (1968), 
obtained from the interpolation.
Calculated energy band structure near the Fermi 
level of ferromagnetic nickel along several 
directions of high symmetry.
Variation of the energy band shape due to the 
change of the hybridization parameter B. Minority 
spin bands are shown in TX symmetry direction.
The values of B were taken to be -0.5, -0.2, 0.1 and 
0.4 Ryd..
Density of states for majority and minority spin 
states. Vertical line at E„ indicates the Fermi 
energy.
Total density of states for ferromagnetic nickel 
including both spin states.
Fermi surface contours for minority spin electrons 
in two different cross-sections of the Brillouin 
zone.
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Fig. 7 Fermi surface contours for majority spin
electrons in two different cross-sections.
Fig. 8 Some experimental results related to the density
of states for nickel near the Fermi level.
(a) Optical density of states observed from 
photoemission studies by Eastman and 
Krolikowski (1968).
(b) Transition density function observed in 
ion-neutralization spectroscopy by Hagstrum 
and Becker (1967). They have explained that 
the transition density function includes density 
of states and transition probability factors
as well as possible final state interactions 
and many body effects.
(c) emission spectrum of paramagnetic nickel 
observed by Cuthill et al (1967) in soft- 
X-Ray studies.
Fig. 9 Angular variation of the DHVA extremal cross-
sectional area branches observed by Tsui (1967)
in [100] and [110] symmetry planes (for area 
-2<2 x 10 a.u.).
Fig. 10 Angular variation of the DHVA extremal cross-
sectional area branches observed by Tsui (1967)
-2(for area >2 x 10 a.u.).
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APPENDIX
Symmetry Relations of Tight Binding Integrals 
between d Electronic States
As mentioned in Chapter IV, the number of tight 
binding integrals can be greatly reduced by symmetry 
consideration. In the face centered cubic crystal 
structure, there are twelve (110) type first neighbors, 
six (200) type second neighbors, and twenty-four (112) 
type third neighbors. If we consider up to third 
nearest neighbors, tight binding integrals defined in 
(4.6) can be written in the general form
Enn' (±a '±a '±b  ^, Enn' (±a *±b'/+a) , Enni(±b '±a '±a) (A.l)
where Enn, (+a,+a,+b) represents integrals Enn, (a, a, b),
Enn1 (“a '-a'~b)' Enn’ (a 'a '"b)' Enn' (a'~a,b)'......etc..
All of the integrals in (A.l) can be expressed in terms
of three integrals: Enni(a,a,b), Enn,(a,b,a), Enni(b,a,a).
These three integrals satisfy the following symmetry 
relations.
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E (bba) = E (bab) = E (abb)yz,yz yz xy,xy
Eyz,yz(abb) “ Exy,xy(bba>
E (bba) = E (abb) = E , (abb)zx,zx zx,zx xy,xy
Ezx,zx(bab) = Exy,xy(bba)
E (bab) = E„_ (abb)xy,yz xy,zx'
E (bba) = E (bba)xy,yz' xy,zx
Eyz,zx(bba) = Exy,zx(abb)
E (abb) = E (bba)yz ,zx J xy, zx
Eyz,3z2-r2 <abb> = - I Exy,3z2-r2 <bba>
Eyz,3z2-r2 (bab) " CExy,3z2-r2 (abb) +Eyz^ 2
Ezx,3z2-r2(bba) = Eyz,3z2-r2(bba)
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r2(bba)]
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z x ,3 z 2- r 2 (abb> -  -CEx y ,3 z 2- r 2<abb>+Ey 2 (3 z 2_r 2 (b b a ) ]  
z x ,3 z 2- r 2 b^ ab ) = -  |  Exy<3z2_r 2(bba)
E
Exy,x2-y2(abb) - J: CEx y ,3 z 2- r 2 (ab b ) +2EyZ j3z2_r 2 (bba)J
Eyz,x2-y2 <abb> = ^  Ex y ,3z2_r2(bba)
V , x 2-y2(bba) = J  C2Exy,3z2-r2(abb>+Eyz,3z2_r2(bba)]
Eyz,x2-y2(bab> = ^  CExy,3z2-r2 <abb>-EyZ/3z2_r2 (bba>:
Ezx,x2-y2 <abb> - - i  CExy,3Z2-r2 (abb)-EyZ/3z2.r2(bba,] 
Ezx,x2-y2 <bba> = -Ey z ,x 2.y 2(bba)
EZx,x2-y2 <bab) = -Eyz,x2-y2 <abb)
Ex 2-y2,x2-y2<abb) = ? Ex 2-y2 ,x2-y 2 (bba,4 E3z2-r 2,3z2.r 2 (bba)
E322-r 2,3z2-r2 <abb) 4 E3z2-r2>3z2-r2(bba) 4 Ex2-y2,x2-y2 (bba)
Ex2-y2,3z2.r2(abb,=v|Ex2_y2jx2_y2(bba)_ ^ 2^ ^ ^ 2^ 2(bba)
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